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ABSTRACT

Design and development of a portable rotating gravi-
tational gradiometer has been continued, A breadboard
laboratory model of the gradiometer was constructed
and tested. Testing has indicated that angular rate iso-
lation and spin speed control represent major factors
in maintaining noise free sensor operation,

Analysis has been performed on the sensor's suc-
ceptability to angular rate and a feasible rate isolation
method is outlined.

Preliminary design studies for an isoelastic servo-
balanced arm have been completed and are discussed.

A preliminary design specification for an appropriate
inertial platform for use in an airborne application was
generated, and vendor liaison was established to obtain
initial response to this specification,

Studies were also performed on sensor angular po-
sition errors, noise and clutter due to proximate masses,
and first stage vibration isolation methods.
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1. INTRODUCTION

The tollowing were the overall objectives of the work performed
under this contract,

1. Design, construct and test a laboratory breadboard
model of a gradiometer to be used for the measurement
of the second order gradient of the carth's gravity
potential,

2 Conduct theoretical studies to determine stabilization
and vibration isolation requirements for a flyable proto-
type pradiometer and to determine the cffect of masees
in the aircraft and attitude of aircraft on gradiometer
pertormance.

3. Provide motion isolation studies and analysis leading to
the establishment of a preliminary specification for a
sensor motion isolation system,

This Report is intended to present a review of the laboratory and
analytical work performed under AFCRL Contract No. F19628-69-C-0219
and Supplemental Agreement No. 2.

Scctions III through VI provide the reader with: 1) background
information pertaining to the torsionally resonant rotating gradiometer;
2) design considerations concerning the sensor sub-systen,; 3) a descrip-
tion of the steps taken in the experimental program, and 4) a brief review
of a preliminary airborne motion isolation system for gravity surveying.

Section VII provides the reader with a relatively concise overview
or the work performed for AFCRL and a set of specific conclusiouns,

The Appendices contain supplementary material relevant to
gradiometer system applications,

I-1
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III. BACKGROUND
A, Introduction
This section provides a discussion of the theory of operation

and development of the Hughes rotating gravity gradiometer.

B. Theory of Sensor Operation

The rotating gravity gradient sensor that has been developed
and demonstrated is a device for measurement of the second order
gradient of the gravity potential. In general, the gravity potential
field consists not only of the gravitational field due to masses, but also
the inertial fields due to rotation that exist because the sensor is
usually not operated in a inertial reference frame.

1. General Gravitational and Inertial Gradient Field

The general form for the gradient tensor, which includes
all combinations of gravitational and inertial force gradients, is
given by

2 2 : :
- - ~ 4 -
1‘XX * QY i s-ZZ PXY QZ QXQY 1.‘(Z S-Zy QXQZ
G.. = +Q + 2 +gf - a,_- a0
Gij h 1-‘yx z Qny Fyy z X I“yz X vy
2 + +al+a
Fpx = Ry 9,0, T, * Q. -g0, I, *+a

where I';: is the gravitational force gradient that causes a force in the
i directian on an object displaced in the j direction, | is the inertial
rate of rotation about the k axis, and Q. is the inertial angular
acceleration about the i axis. !
This equation for the general form of the gradient tensor

indicates that although there are no gradients resulting from linear
acceleration, the gradients caused by angular velocity and angular
acceleration can interfere with the measurement of the gravitational
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gradients. Ior the proposed application it is desirable to be able to
measure gravitational gradients down to 10-9 sec-2. The angular
velocity that would cause this (*qulvalenl ;,radxent is 3 32 1072 rad/sec
(b9/hour) and the angular acceleration is 10-9 rad/sec (0.7°/hour
change per hour). Both of these rotational gradients involve very
small angular quantities,

The rotational gradient resulting from angular velocity is seen
to enter into every term in the GG.. gradient tensor and it is not possible
to separate the cffects completely. Thus, any instrument designed to
measure pravitational gradients will have to be inertially stabilized
In some way or compensated for the instantaneous inertial angular
rate.

The rotational gradient caused by inertial angular acceleration
is relatively casy Lo circumvent, since it does not enter in all the
terms of the gradient tensor. A well designed in-line gradiometer
that measures cither (J‘( G G, 2 will not experience interference
from angular acceleration (aYt¥1ougl1 it will sense any angular velocity).
The rotating sensor which Hughes is developing does not have a first
order susceptibility to angular acceleration because of its double-
quadrupole design., However, angular acceleration due to inertia
imbalance of the sensor arms is of significance to the sensor design.
This problem is discussed in more detail in Section IV-D.

In operation, the sensor is rotated about its torsionally resonant
axis at an angular rate w that is exactly one-half the torsionral
resonant frequency. Only the differential torque, AT, between the sen-
sor arms at the double frequency is coupled into the sensor output.
This differential torque in an inertially stable sensor is given by

AT

r x) sin 2wt +2ny cos Zwt]

where ¢ is the characteristic length of the sensor, and m is the mass ‘
at the end of the sensor arms.

From the above equation it can be seen that measurement of
the in-phase and quadrature components of the sensor response with
respect to the sensor rotational phase reference will provide a measure
of certain components of the gravity gradient tensor. The particular
componenlts measured will depend upon the orientations of the sensor
spin axis and the phase reference direction. An orthogonal triad of
measurements at a point is sufficient to obtain all the components of
the gravitly gradient tensor. The differential torque induced by a
point or spherical mass M at a distance R from the sensor is

2
AT 229’1—'3‘—‘@—- glit 2 5.0,
R
111-2 :




The angular resonant deflection between the two quadrupoles of the
sensor rotating at one-half its torsional resonant frequency w, = 2w
with an associated quality factor Q is, therefore,

5 ATQ  3GMQ .
= 2?: 3 7 Slnwnl
1w R w
n n

where I = mQZ/Z is the quadrupole inertia.

The angle 6 is extremely small. Surface gradients produced
by the earth (3000 E.U.) will produce angular deflections of =5 x 10-8
rad in typical torsional sensor designs (Q = 300, w - 100 rad/sec),
while useful threshold signals of 1 E.U., produce angular responses
of =10-11 rad.

It is now necessary to transduce this mechanical motion into an
electrical signal for processing and transmission. This is accomplished
by using a flexural pivot as the torsional spring and affixing a barium
titanate stain transducer to one of the flexural spring leaves. These
transducers have been found to be more than adequate for sensing these
small strains.

C. Soft Mounted Sensor Project

1. Project History

The ultimate object in the development of rotating
gravitational gradient sensors is a class of small, lightweight, rugged
sensors of high sensitivity and precision that may be used to measure
accurately and rapidly the details of mass distribution in making rapid
gravitational field surveys and as a component in an inertial guidance
system to remove the effects of gravitational anomalies on the system
performance.

The objectives of the preliminary research programs were to
investigate the physical feasibility of the basic concept, to develop
sensor structures which would operate at a high sensitivity level both
in free fall and in a lg environment, to measure the sensor's
sensitivity to gravitational fields, and to investigate the sources of
noise produced by the rotation of the sensor structure. A torsionally
resonant rotating gradiometer configuration utilizing piezoelectric
readout was found to be a suitable design and offers a significant

I1I-3

sttt i i




improvement over other possible gradiometer designs because of its
ability to be operated in an earth-Lound laboratory environment while
still maintaining the high sensitivity and signal-to-noise ratio required
to measure gravitational gradients as low as 10-9 sec-2 (1 E6tvés unit
(E.U.)).

Four years ago a project was initiated at Hughes to design,
fabricate and test a ""'soft mounted' gradiometer configuration. After
some experimental work and hardware modifications, the sensor
detected the gradients of stationary masses. The first successful
test occurred in August 1967. The noise level of these tests was over
$100 E.U. Since that time the soft mounted system has been completely
reworked until the noise level has been reduced to 21 E.U. (lo
standard deviation at an integration time of 10 seconds). These tests

J fully verified the gradiometer theory. It should be noted that develop-
' ment of the soft mounted system was accomplished almost entirely

on Internal Research and Development funding before 1969. Minor
changes in the system were accomplished under NASA contract

NAS 8-24788, l.unar Orbiter Selenodesy Feasibility Demonstration.

2. Noise and Drift in the Soft Mounted Test Set Up

One of the tests run on the sensor was to simply measure
the sensor output for approximately 1000 seconds. Care was exercised
to prevent any variations in the gravity field of the room (a person
passing 3 feet away would add significantly to the sensor output). The
average slope of the curve is 1.4 E,U./min, which represents the
general drift rate of the system. The drift is known to be caused by
temperature variations in the magnetic levitation system, which
cause the sensor to be raised or lowered slightly in the background
gradient field of the room, and by changes in stiffness of the elastic
suspension.

The standard deviation of the random noise superimposed on
the linear drift was measured as

o =4 E.U, for T = 3 sec
or

o =1.2 E.U. for v = 10 sec.

In addition, Flyby Simulation tests were run that simulated a
spin stabilized lunar orbiting satellite with a gradiometer mounted
inside passing over typical lunar masscons. These tests fully demon-
strated the sensor's dynamic response capability.




IV. SENSOR DESIGN CONSIDERATIONS

An ideal second order gravity gradiometer operating in an
inertially fixed frame of reference will produce output signals propor-
tional to the second order gradient of the gravity ficld only. The out-
put of a non-ideal sensor operating in a non-incrtial frame of refer-
ence will contain, among other noises, crrors due to acceleration and
rotation of the sensor frame of reference. This section prescents a
dynamic analysis of this latter class of errors by using a simple model
of the second order gradiometer.

A. Gradiometer Model

A simple mechanical model, consisting of three torsional
springs and dampers and two inertia arms, will serve as the basis
for this analysis. As shown in Figure 4-1, the inertia arms are
individually coupled to the case of the instrument through the support-
ing springs (Kj, K2) and are mutually coupled by the common torsional
spring (K,). Each spring is assumed to contain viscous damping
defined by the coefficients (Dy, D, D) and is assumed to be infinitely
rigid in all directions other than about the common torsional axis (k).

The inertial tensors of the arms are defined in terms of the
principal axes of the arms as Equations (4-1) and (4-2).

= A e —
3, 4 11[1111+kk] (4-1)
3, 4 IZ[ij2+kk] (4-2)

The unit vectors (iy, E) are nominally orthogonal, but they become
nonorthogonal due to differential motion of the arms. In this analysis,
the inertial tensors of Equations (4-1) and (4-2) will be approximated
by Equations (4-3) and (4-4) wherein the tensors are described in a
sensor case-fixed frame (ijk) and the products of inertia are neglected.

Ky Ko K2

f

Figure 4-1. Gradiometer model.

1v-1




ii + kk (4-3)

Sl
m
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p = L[5 +kk (4-4)

ol
n
-

The common torsional spring (Kg) also includes a strain trans-
ducer to sensc the differential angular deflection of the inertia arms.
The electrical output of this strain transducer is amplified, phase-
sensitive demodulated, and filtered to produce the ultimate output of
the gradiometer.

1. Equations of Motion

Since the ultimate output of the gradiometer is a function
of the differential angular deflection of the inertia arms about the com-
mon torsional axis, it is of interest to derive the dynamic equations of
motion that relate this parameter to the sensible inputs to the instru-
ment. This derivation will be accomplished on the basis of the classi-
cal equivalence of torque to the time rate of change of the angular
momentum of each arm.

The angular momenta of the arms are defined in terms of their
inertial tensors and angular velocities as Equations (4-5) and (4-6),
where (@) is t_he incrtial angular velocity of the sensor case, and the
scalars (él, 6,) are the velocities of the arms relative to the sensor
case,

!
1] >3
ol

8 A (4-5)

&, - IZ +T<é2] (4-6)

Tl
np

The time rates of change of these momenta are produced by
external torques acting on the arms as the result of the gravity gradient,
arm mass unbalance, and the elastic and viscous coupling between the
arms and between the arms and the case as shown in Equations (4-7)
and (4-8).

H. = M M , + M -
RS IR R L (4-7)




For the present objectives, only the components of these
momental rates about the sensor output axis (k) are required; from
Equations (4-5) and (4-6) these scalars may be expressed as Equations
(4-9) and (4-10).

k.H = Ilel+k.[d>l.w+wx(¢l-w)] (4-9)

%.H S 4Dk (3, . S)] (4-10)

f
.
o)
+
=~ |
—
L]

2 272

The elastic ana viscous coupling torques acting on the arms may be
expressed as Equations (4-11) and (4-12).

k. ll\-’icl ”‘—dlz] S [Al +Ao] 8, *4.8; (4-11)
k. [Mc2 + M?_l] = - [AZ +Ao] 0, +A8) (4-12)
wheie, by definition:
A, 2 DSHK
A, 2 DSHK (4-13)
A, 8 D,S +K,

The dynamic equations of arm motion may be stated in the matrix form
Equation (4-14) by combining Equations (4-7) through (4-12).

2
(1,S° + A +A) (-A) 0, M,

(4-14)

2
(-A) (1,87 + A, + A) > M,

D
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where, by definition:

A o Tt - = -~ -— = —
= + -
M1 k . Mgl Mpl (tbl Lwtwux (<b1 . w))]

(4-15)

P
=1
Zl

The solution of Equation (4-14) for the differential angular deflection
of the arms is stated as Equation (4-16).

2 2
(IZS +A2)M1 ] (Ils +A1)M2

.4 2
IIIZS + [II(A2+AO) + IZ(A1+AO)]S + AlA?_

+ AO(A1+A2)

(4-16)

A normalized form of Equation (4-16) is presented as Equation (4-17)
wherein the denominator is factored into two quadratics representing
the ""sum mode'' and the "difference mode'' characteristic frequencies

(P12 and wy).
Ls +as+BZ] [—] - sz+als+ﬁi

(el _62) r_w
2 2 Yo 2
[s +alzs+{3 ] S +QS+uo
(4-17)
where
4 = by
@, = D,/
D, +D
Q = —Il +IZ
12 1 5
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2 _
Py = Ky/1)
2 _
pz‘K.z/I.z
+
82 :Kl K>
127 I+
+ 1.7 D+ ]
2o 2 p e g} by *b,
Q o__IlIZ_ Il+l
o r +
2 Lt )
(RS 1.1 Yl
2 2 172 e

The "sum mode'' parameters (21,, P),) are approximately equal to
their counterparts in the numerator of Equation (4-17) and become
exactly equal to them when the spring rates (K, K), damping (Dj, D5)
and inertias (Il' IZ) are matched. Under these 'ideal' conditions,

the 'difference mode'' frequency (w,) may be expressed as Equa-

tion (4-18).

w_ = (ZKO + K)/1 (4-18)

where

JaY
K -KzandI—Il—IZ.

The differential angular deflection (6] - 6,) may be scaled by
(w,/Q) to yield an expression for an '"equivalent'' gradient signal as
shown in Equation (4-19).

2
re £ /e, - o, (4-19)

Iv-5




Combining Equations (4-17) and (4-19) yields Equation (4-20).

/M M

2 T 1 2 2 2

2 s+as+ﬂ)<—>-(s +as+ﬁ)<—>
wo-( 2 2) \ T 1 1) \ T,

e Q w
sz+a s+ﬁ2 sz+_°s+w2
12 12 o) o

(4-20)

At this point it is instructive to expand and normalize Equation (4-15)
to obtain the forcing functions of Equation (4-20). The result of this
vxpansion is Equation (4-21).

1
—_ = = ot +
11 Fij Wy wiwj FP-l
(4-21)
2
=G o my o +
L Fij P 295 sz
where
FHI (k Mpl)/ll
1“2 = (k pZ)/IZ .

The largest gradient error due to arm mass unbalance occurs when the
individual unbalances are of opposite sign. Therefore, in this analysis,
the largest mass unbalance error will be assumed to be as defined by
Equation (4-22).

A {
2 2 Ty max (4-22)
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The resulting '"equivalent' gradient is obtained by combining
Equations (4-20), (4-21) and (4-22) and is presented as Equation (4-23).

- -
al +a ﬁz + ﬁg
g2 ) g +-d 2T + 2ww, +2T
2 2 2 ij i) B max
w
S
Iﬂe -1 Q w ,
2 2 2 , 0
[s +alzs+ﬁ12] [5 + o s+wO
| .J
+ 60 (4-23)

12 Q

w
s +a s+p2 |[s? +-25 +u°
12 o
|

L

Equation (4-23) illustrates the following three basic gradient error
sources:

1. Rotational field
2 Arm Mass unbalance
3. "Sum Mode'" mismatch

An interesting property of Eq. (4-23) is that errors due to "sum
mode' mismatch are attenuated as the square of frequency above the
""'sum mode'' frequency up to the ''difference mode'' frequency (wg).
Above the ''difference mode' frequency these errors are attenuated
as the fourth power of frequency until the ''lead'’ of the numerator
becomes effective. For light damping of the ''sum mode, " the '"'lead"
becomes effective at w = ZQ} ﬁlZ' This latter frequency is usually
above the ''difference mode' %requency by two orders of magnitude or
better; beyond that frequency,the error is attcnuated further as the third
power of frequency.

Equation (4-23) can now be used to determine equivalent gradient
outputs when angular rate and acceleration inputs, arm mass unbalance

parameters, and sensor sum and difference frequencies have been es-
tablished.




B. Angular Position Errors
L. Introduction

A gencral technique is described for calculating the
output of any sccond order gravity gradient sensor interacting with a
generalized gravity gradient field as a function of the relative angular
orientation of the sensor and the field. The various gradiometer
sensor structures (ESGtvos torsion balance, quartz microbalance,
vibrating string, floated dumbell, accelerometer pair, rotated cruci-
form, rotated starburst) can be represented by a symmetric tensor.
The output of a given sensor in a given angular orientation in a given
gravity gradient field is then obtained by taking the scalar product of
the sensor tensor and the gravity gradient tensor.

2. The Gravity Gradient Tensor

The gravity gradient tensor to be sensed is the entire
gravitational-inertial tensor that contains not only the gravitational
gradient tensor field due to nearby masses, but also the inertial
gradients duc to angular rotation and angular acceleration of the
inertial reference frame that we are in, The generalized gravity
gradient tensor Gij has three components

G.. = r“-+9?.+sh.. (4-24)

A ) 1) J

The first component of the gravity gradient tensor is the gravitational
gradient field which is always symmetric and whose trace is zero if
the center of reference has no mass (or mass difference with respect
to its surroundings).

I r r
XX Xy zX
r.. = |r r r
1 Xy Y yz
rzx L z I:‘Z.Z
\ y /
r +0C +r = -divp =0 (4-25)
XX Yy zz
r.. =L...
1) J1
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For a spherical mass M oriented in the #x direction at a distance R,
the gravitational gradient field takes the form

¥2 0 0
. (4x) = Q;i 0 -1 0 (4-26)
l_] R

o o -1

The gravitational gradient ficld is not uniform and there exist higher
order gradient derivatives of this field.

The second component of the gravity gradient tensor is the
angular velocity gradient field., This tensor is symmetric with a
positive trace that is twice the square of the total rotation about the

reference point

2
/s +0% .q -QQ
7 z xy Z X
Q% = [-q.0 Q2+ a0 (4-27)
ij x z z y 'z
2. 2
- - +
2,52, Qsz oL Qy
Q% = 2@ +a%+a?. (4-28)
ii x y x

This gradient field only exists, of course, if the sensor was operated
in a non-inertial frame of reference.

The third component of the gravity gradient tensor is the angular
acceleration gradient field. This tensor is antisymmetric with zero

trace.

z y
Y = Q n
%, w0 -a (4-29)
of] +Q 0
b X
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Again, this ficld only exists as part of the gravity gradient tensor
for convenience (or lack of knowledge), The calculations or opera-
tion of the sensor has been carried out in a non-inertial reference
frame,

Notice that both the angular velocity and the angular accelera-
tion gradient fields are uniform — they have no dependence upon radius,
Thus unlike the gravitational gradient field, there are no higher order
gradients to these fields.

Since the angular velocity and angular acceleration fields can
enter into a specific problem because of lack of knowledge or deliber-
ate choice of coordinates, care must be used in the choice of coordinates,
For calculational simplicity it is assumed that an earth oriented co-
ordinate system was chosen rather than an inertial coordinate system
so that the gradient of the sensor orbital motion drops out. Now only
the gravitational gradient field is considered which is symmetric and
usually traceless

G.. = I, (4-30)
1) 1

3. Rotation Matrices

The effect of relative sensor-field angular orientation
and rotation on the response of the sensor to the field will now be
studied, The rotation matrices to be used as a rotation about the x axis
are defined

1 0 0
\I’ij = 0 cos b sin Y (4-31)
0 -sind cos y

a rotation about the y axis

cos @ 0 sin 8

®. = 0 1 0 (4-32)
1)

(=]

-sin B cos B

IvV-10




and a rotation about the z axis

d,, = -sin cos 0 (4-33)

These three rotation matrices have been chosen because of
their simplicity in physical interpretation. The reader should be
warned, however, that these three rotations are not independent of
each other and, therefore, are not suitable as generalized coordinates
for the Langrangian formulation of mechanics. They are adequate for
these purposes, however, where the effects of small angular errors
about a nominal orientation are to be studied.

4, Tensor Sensors

To measure the gravitational gradient field, gradiom-
eters are used that respond to the differential forces and torques
induced in the sensor by the field. All gradiometers have roughly the
same type of structure. They consist of sets of two or more masses
m which interact with the field, spaced at a characteristic distance T
from the center of mass of the sensor system. They also have force
or displacement measuring transducer(s) which together with the sensor
structure decide the sensitive direction(s) of the sensor.

The properties of any sensor can be written as a tensor matrix
for each transducer output, written in a coordinate system that is
sensor fixed, The scalar product of the sensor matrix with the gravity
gradient field then gives the scalar quantity that is the amplitude of the
voltage output of the transducer in the sensor

a =

S..T,
ij i

Note that since the information obtained in the form of a voltage
output from the transducer is only a scalar magnitude, no intrinsic
direction is associated with it. The directional information has to be
obtained from previous knowledge of the orientation of the sensor
coordinate system with respect to inertial space or the gravity gradient
reference system.

Iv-11
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Radial Gradiometer. The simplest gradiometer is the radially
sensitive gradiometer consisting of two masses m connected by a spring
of length 2r. Examples of this type of system are the vibrating string
gradiometer, the freely falling mass gradiometer and back-to-back
accelerometers on the end of a stick., (It should be noted that some
versions of the freely falling mass and back-to-back accelerometer
gradiometers have used only one sensing mass, the mass of the vehicle
supplics the reference mass. In this case, one uses only the differen-
tial moments of the system in the calculations.)

The simple radial gradiometer can be represented by

1 0 0
Rij =mr | 0 O ol. (4-34)
o 0 0

If this interacts with the gravity gradient field of a mass M a distance
R in the X direction

2 0 0
r. =Mlio 1 o}, (4-35)
ij R3
0 o -1
The output of the sensor will be
=PR% = mrl = saM mr . (4-36)
ij i XX R3

To study the ecffect on the sensor output of relative orientation
of the sensor with respect to the gradient field, the rotation matrix
can be applied to either the sensor or the gradient field. If the sensor
is rotated an angle 6 about the y axis

' -1
R = St ¥
Cﬂﬁz 2] 0 -8in B cos @
= mr 0 0 0 (4-37)
-5in © cos @ 0 :iin'r:l B
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The response of the sensor in this new orientation to the original
gravitational gradient flow is now

! _ 2 .2 . GM
a(e) = Rkef‘ke-(l cos 6 - sin” 0) 3 mr
R
= (3 cos& 0-1) (;I\; mr . (4-38)
R *

This directional sensitivily pattern is fundamental to the mathematics
of the gradient field —tensor sensor interaction and can be assumed to
apply in one form or another to all sensors. The one for the radial
sensor is plotted in Fig. 4-2.
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Figure 4-2. Directional sensitivity of a radial
gravitational gradient scensor.
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Because of this relatively broad cosze angular response of
gradiometers, their angular resolution is not high, Typically (depending
upon the assumptions as to the 3 dB point and the target distance as a
function of angle) the acceptance angle of the sensor is +25 to +40 degrees,
Thus, as a practical rule of thumb, the spatial resolution of the sensor
for two masses is approximately the distance of the sensor to the mass
pair,

Rotating Torsional Gradiometer. Although the radial gradiom-
eter is conceptually easy to visualize and was used in the previous
section for clarity, the only gradiometer that has demonstrated the
sensitivity required for practical applications along with an instrument
time constant compatible with typical aircraft velocities is the rotating
torsional gradiometer. The interaction of this sensor will be studied
with gravitational gradient field as a function of the relative angular
oricntation of the sensor and field to determine how small errors in
the scensor angular attitude couple into the background gradient of the
carth to give erroncous indications of small variations in the gradient
ficld due to local anomalies.,

A torsional sensor with arm radius r and arm mass m with its
spin axis along the z direction and its arms at 45° with respect to the
X, y axes can be represented by the tensor matrix

0 1 0
Cij = mr 1 0 0 (4-39)
0 0 0

If the sensor is rotated about the z axis (its usual spin axis), the tensor
representing the sensor becomes

' -1
Crp = g%
sin 2¢ cos 2¢ O
= mr | cos 2¢ -sin 2¢ 0 (4-40)

0 0 0
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If this sensor then interacts with the gravity gradient tensor I'yp, the
amplitude of angular acceleration on one arm of the sensor is

a = Cklrkﬂ = mr [(Fxx- Fyy) sin 2$+2ny cos 2¢]. (4-41)

If the rotation is continuous, so that ¢ =wt + a where w is the rotation

frequency and a is the phase angle, the formula for the differential
torque between the two arms of the sensor is obtained

AT = 2ar = Zmr2 [(I"Xx - I"yy) sin (2wt + 2a)
+ ery cos (2wt + Za)] . (4-42)

This formula is the same as that derived directly from Newtonian force
calculations either the sine and cosine components of the signal or the
amplitude and (bi)phase of the signal can be read out. It is assumedthat
the amplitude and (bi)phase will usually be read out.

The amplitude of the signal is

1/2
A= A5 . [(rxx-r )Z+4r Z] (4-43)
2mr - Yy xy

and the (bi)phase that gives the (bi)direction of the gradient ficld
components is given by

2 =l han ! et (4-44)

Now the errors are calculated that arc introduced into response of the
sensor as a function of the errors in attitude of the sensor coordinate
system with respect to the local surface coordinate system.

If the sensor is above the earth (see Fig. 4-3) with its spin

axis aligned horizontally perpendicular to the flight path (§ = 0) and the
phase reference direction chosen near the principal axis of the Iyx
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Figure 4-3. Sensor and gravitational field
relative orientation schematic.

component (near the local vertical), then the components of the
i gravitational field measured by the sensor will be approximately

3000 £ 40 E. U.
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where the background gradient signal I’ = GM/R3 = 1500 E. U. of the
earth has been separated out

2 0 o0
O SL N R R (4-46)
1j RrR3
0o 0 -1

from an assumed fluctuation (220 E. U.) due to the local mass anomalies
:EE.\I- :i:y Ey
vii = | oFY vy (4-47)

y y  Ey

and where it is assumed that the gravitational gradient cross components
of the local anomalies can be as large as the in-line components.

5. Pit:h or Phase Error

It is obvious without resort to tensor manipulations that
if there is an error in the orientation of the phase reference axis of the
sensor with respect to the vertical to the surface (pitch error) that this
will not cause an error in the measurement of the amplitude of the
signal but only an error in the measured phase. A 1 degree error in
orientation produces a 2 degree error in signal (bi)phase which is
equivalent to a 1 degree error in the calculation of the direction of the
center of the moon. Thus, if the principal axes of the gradient
as measured by the sensor were chosen to calculate the position of the
local anomaly signals, the map would be offset by the error in phase
angle. Since the angular resolution (+30 degrees) is much larger than
this, the phase angle errors are negligible.

In addition to being small, a phase reference error is primarily
a direction error rather than an amplitude error. To get a feel for
the amplitude errors, it is assumed that there is an angular error ¢

IV-17
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in the angular orientationof the phase reference to the vertical. The
total gravity gradient field of the earth at the new angle is now:

r -

) -1
ke = %Gl

r

2
r s +20r 2 A +
[ cos ¢ < sin ¢ cos ¢ [ sin ¢

[F cosé + [ sino
Xz yz

[(I‘yy o I‘xx) sin¢ cosd¢ + l (cos ¢ stQ)l [l" 5 sin ¢ x sind coso + ryy cosz¢] Ir‘:ﬂ l
l [[‘ sm¢+l‘zcos¢ [

(4-48)
The output of the inphase component is
! !
Ay = (Fxx - Fyy) = (Fxx - I‘yy) cos 2¢ (4-49)
(note that the I'yy cross product term drops out for the rotating
torsional sensor{.
The output of the quadrature component is
| r 2 i
AQ = zrxy =N 2 % cos 2¢ - (1"xx = r‘yy) sin 2¢ . (4-50)

The presence of the large sin 2¢ error sigral in the quadrature
component causes concern since an error ¢ in the phase of the signal
would cause a substantial increase in the quadrature output due to the
coupling to the background gradient.

AA

Q -3 sin 2¢

n

-6T'd= 9000 ¢ (E.U.) (4-51)

To keep thxs output below 1 E.U. would require knowing the
phase to 1.1 x 10-4 rad = 0.0060 = 0.36 arc min = 21 arc sec. This
phase accuracy establishes a combined requirement on platform vertical
and signal phase readout repeatability of 21 arc sec error rms., The
platform should provide the required isolation (see Appendix B, para.
3.1.5). The phase readout repeatability should also meet this require-

ment, but detailed analysis has yet to be performed to corroborate this
conclusion,
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6. Effect of Tilts Out of Orbital Plane

If there is a relative angular misorientation between the
sensor centered coordinates and the mass centered coordinates about
the other two axes then the rotation matrix has to be applied to one or
the other of the tensors before their scalar interaction can be

deter mined.

If the sensor is tilted about the x axis (yaw) an angle -y then
the gravity gradient field has been tilted by the anglc V.

) Wkirij‘\pj.k
rxxl [ny cos § + sz sin ] I- rxy sin v t rxz Cos v ]
s [r;y] [ryy costy + 2r,, sinycosw 4T, sinp I I r"/z ]
lr‘;zl I(I‘zz o I‘w) sin y cos y + I'yz (cosz¢ S sinzwl ‘Fzz coszw o l[‘yz sin w cos y t ryy sinz.,;]
%
(4-52)
Thus, in the output of the sensor
AT 1 | [}
= (L. -T J)sin2(wt+a)+2 cos 2 (wt *+ a)
2mr =t Yy xy
=[2F +l(f‘ - T )cos 2y - T _ sin2y|sin 2 (wt + a)
2 xx 2 zz Yy yz
b+ I s i
+[2 ny cos y lxz sin »b]cos 2 (wt +a). (4-53)
The amplitude is now |
2
A=|A—T|2= {[%F +-é—(r T )cos2¢- T _ sin 2y
2mr xx 2z Yy vz
, 172
o e ety -
4 o cos\g+sz smq;] (4-54)
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and the (bi)phase

2 (ny cos ¢ + sz sin )

3 1 -
c) + = T -
5 [ > (I"ZZ lyy) cos 2y I'Yz sin 2y

(4-55)

To determine the effect of an error in knowledge of the angle ¥
in converting the background gradient of the earth into a signal, the
fact is used that only the three principal gradients of the earth are
important, so that

™
]

2I'= + 3000 E. U.

XX

r = =-0T = -1500E.U.

Yy zZ
1" = F = r 0 . (4-56)
Xy Xz zy

Then the amplitude and (bi)phase reduce to
A = 3T (4-57)

2a = 0. (4-58)

Thus to first order the amplitude and phase of the signal does not
change with a rotation (yaw) of the sensor about the x (vertical) axis.

If the sensor is tilted (rolled) about the y axis (direction of
flight) by an angle 6, then the gravity gradient in the new sensor
coordinate system looks like

- -1
T ® = 8,105,

[rxx cosze + .’.[‘xz sin 8 cos @ + rzz sinzGl [1'., ] [ I‘;‘z ]
!

[r.\y cos 8 + ryz sin 6 l lryy] [ ryz l
| I o

-
Xz

(4-59)
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Thus the amplitude and (bi)phase that the sensor reads is

2

A = {IF cosze +2T sin B cos 8+ sinze - T
XX X7 27 yy

> 1/2
+ 4[F cos 8+ [T  sin 6] } (4-60)
Xy yz

2 (T cos 8+ sin 0)
1 Xy yZ

2a = tan > B
I' cos 6 +20 sin® cos @+ sin 6-I°
XX Xz Z7Z yy

(4-61)

To determine the effect of an error in knowledge of the roll
angle 8 in converting the background gradient of the carth into a false
anomaly signal it can be assumed again that only the three principal
gradients of the earth are important, so that

L _~ 2T = 3000 E. U,
XX

r =71 - T =.1500 E. U, (4-62)

Yy ZZ

u

n
3
u

o

=B
Xy XZ yz

and the amplitude and phase of the rolled sensor becomec
- 2
A = 3T cos (4-63)

2a = 0. (4-64)
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Fhere ts no phase shift, but a change in amplitude.

For small angles
3 2
A =3I"(1-067), (4-65)

[hus, an unknown error of 0 in the attitude of the sensor about 8 = 0
would give an equivalent error of

Error (31‘02)
(%) (rad) E.U.
3 0.05 11.3
1 0.017 1.3
0.6 0.01 0.45
C. Angular Rate Errors
1. lp_t_rgduction

Detailed analysis is performed in this section developing
a statistical treatment of the response of the sensor to angular rate inputs.
Preliminary analysis of the isolation of a "'knuckle air bearing' is described
and one approach of servo control for such a bearing is discussed.

2r Sensor Response

As has been shown in Section III-B the ideal rotating
gradiometer responds to a gradient tensor of the form

ro+etye% -0 -0Q r +Q -9
XX y 2 Xy z x™y Xz y Xz

G =| Q- QQ ro+af+al L -2 -9, |(4-66)
1) yx vy 'x y z be yz X y 'z
. . 2 2
r -9 -9 r. .+ -9 F +Q°+@Q
ZX y Z X zy X zy z27 X y

the equivalent gradient output of the sensor (including angular rate) is
therefore (z axis spin)
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2 2 .
|i(1"yy - I"xx)+ (wx - wy)] sin 2 wt + Z(I‘-\_y - wxwy) cos 2 wt 1
(4-67)
or
(r - I' )sin2wt + 20 cos 2wt + (wz - uz) stn 2wt - 2w cos 2wt
yy ~ o xx Xy 5 A x“y -
- _J J
-7 + T
Fg e (4-68)
the magnitude of the error term is therefore
1/2
2
r - [(wz : wz) + (-Zw ol
e y y
or
| e 22 a2 & (£=08)
3 F = 1w +20ww +w
e x Xy y
Fe = wx+-wy2

These angular velocities (wy, w,) are defined to be the orthogonal
components of the total angular velocity normal to the spin axis of the
gradiometer, and the reference axes (X, V) are defined to be fixed to
the gradiometer case. The output gradient error due to transverse
angular velocities is defined by Equation (4-70) where H(s) represents
the equivalent gradiometer filter process.

| I, = Hls) T, (4-70)

Iv.23




To establish requirements for angular rate isolation, some
estimate of the relation between the power spectra of the angular rates
and the output gradient error is necessary. This objective may be
accomplished through an estimate of the autocorrelation function of the
prefiltered gradient error. InEquation (4-69) the rate components
(wy, w,) are defined as the sums of a zero-mean stationary gaussian
random variable (x, y) and an average value (Qy, Qy) as in Equation (4-71).

W éx+Q
X X

3
y y

(4-71)

w

The resultant autocorrelation function of the pre-filtered gradient
error is shown in Equation (4-72).

. 2
R (1) [a’Z + 0'2 + QZ + QZ]
Fe X y X y
2 2 2 2
+ Z[RX(T) + Ry(T) + ny(T) + RYX(T)] (4-72)

2 2
+ 4[QXRX(T) + QyRy(T) + any{ny(T) * Ryx(f)}]

Equation (4-72) may be simplified for the spectral estimation by
assuming that the normal random variables (x, y) are uncorrelated

and that their autocorrelation functions are approximately equal. These
assumptions are defined in (4-73),

a )
ny(T) = 0 = Ryx(T)
R () = R ') g R ()
X w' y
(4-73)
A 2
Rw(o) LA
0% + 9% & g?
Y
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Substitution of Equation (4-73) into Equation (4-72) yields the following
sim plified estimate of the autocorrelation function of the pre-filtered
gradient error.

2
R (1) = [20’2 " QZ] + a2 (1) 4+ mzxwm (4-74)

| e

The corresponding pre-filtered gradient error power spectrum is
obtained directly as the Fourier Transform of Equations (4-74) as
shown in (4-75).

2
SF (£) = [205 + QZ] &(f) + 4Sw(f)*Sw(f) t 4QZSu(f) (4-75)

e

The equivalent filter process of the gradiometer, H(s), passes low
frequencies with unity gain such that the power spectrum of the output
gradient error may be written as Equation (4-76),

2
S () = [ZGi N 92] 5(f) + 4| H(j2nf)

Z[Sw(f)*sw(f) + Q?‘Sw(f)]
(4-76)

The significant result of Equation (4-76) is that most of the power is
contained in the d-c terms, and the variance of the output gradient
error may be approximated as (4-77),

2
o 2% [202 + 9] (4-77)

o o 2¢% +Q (4-78)
w

If the random rate contribution to the gradient error standard deviation
is required to be less than (1/3) EU, then the allowable rate variance
per axis is approximately 1.7 x 10-10 gec-2, Thus, the allowable
standard deviation per axis is approximately 1.3 x 10-5 rad/sec.

It is doubtful that a conventional ball-bearing supported stable
platform can achieve this requirement in the presence of aircraft
motion and vibration, Therefore, isolation in addition to that of the
stable platform is required,
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3. Control System

I'he baseline configuration of the motion isolation system
includes additional isolation in the form of a gyro stabilized "knuckle
air bearing servo.' This servo acts as a low pass filter between plat-
form angular motions and the angular motions of the gradiometer
stable element, An estimate of the power spectrum and variance of
gradiometer angular velocity can be made based on the filter properties
of the "knuckle bearing' servo and an estimate of the platform power
spectrum of angular velocity.

Figure 4-4 shows one side of the estimated two-sided power
spectrum of the stable platform angular velocity, and the dotted
asymptotes show the filtering effects of the '""knuckle bearing' servo.
The frequency (f,) is the outer loop bandwidth of the '"knuckle bearing"
servo, the frequency (f)) is the bandwidth of the platform stabilization
loops, and the frequency (f]) relates to platform servo compensation
networks, The maximum level of the platform power spectrum is
designated as

o (Ead fee)
o) Hz *

The variance of platform angular velocity may be estimated by
an integration under the asymptotes of Figure 4-4, This estimate is
shown as Equation (4-79),

£ © 2
> WPRY: (f2>
Top T 2%, / (TT) df + £, - f 4 f +/) d (4-79)
he fz
E 4¢0f2 : f2 > fl
' Iy
i i
Ot ~mmm————— -
- : —=—=== FILTERING EFFECTS
i OF "KNUCKLE
N\ i JEARING® SERVO
A :
! l :
R ! 1

PREQUENCY, Mz

Figure 4-4, Estimated two-sided power spectrum, one side.
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Similarly, asymptotic integration under the filtered function yields the
following estimated variance of gradiometer angular velocity.

fﬂ f é 1:.t:- d 2 Iu i
= o) [°(F) (r] (-0) e [(2) o] o
e

2
f
=4¢(“\ : f> f
0

o
n

From Equations (4-79) and (4-80) the standard deviation of gradiometer
rate (0,) has been reduced from that of the platform (o,,) by the factor
J f1f2/f_ due to the filter action of the "knuckle bearing' servo, It is
estimateg that this attenuating factor could be of the order of 500 to
1000 using an outer loop band width of 0,01 Hz in the "knuckle bearing"
servo, This implies that to achieveo, = 1.3 x 10-5 rad/sec, com-
parable to 3o, = 1 EU, the platform rate standard deviation must be
less than approximately 10-2 rad/sec for the assumed power spectrum
shape. If in addition to the assumed platform rate power spectrum,
discrete frequencies are present due to platform limit cycles, pick-up,
etc. ; the variance of gradiometer angular velocity will be increased
accordingly., The increase may be described as the weighted-sum™

of the individual variances, Platform rates at discrete frequencies
below the bandwidth of the 'knuckle bearing' servo (f,) will come through
directly; however, those rates at frequencies above this bandwidth

will be attenuated in direct proportion to their frequency. Thus, the
weighted-sum of the rate variances for frequencies above (fo) is directly
proportional to the sum of the angular variances as shown in

Equation (4-81),

fzuz
o w

p.
Si 2 2 ]
Z o N CAT qu , BB+ (4-81)
A

To keep this contribution to the gradiometer rate standard deviation
less than 1.3 x 10-° (rad/sec), the total standard deviation of platform
angular motion at discrete frequencies (6g) must be less than

Equation (4-82),

-5
1,3 x 10 .
0’e < _Z-r_fo—— rad (4-82)

“Weighted by the "knuckle-servo' filter process.
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A selection of { 0.01 Hz yields approximately 2 x 10-4 rad (40 sec)
for o 6 from (14?. This seems to be a practical figure, but it does
indicate that the platform and its stabilization system must be care-
fully designed to avoid low amplitude motions that might result from
such things as platform limit cycling, gyro spin motor interaction
through a common power supply, electrical pick-up, etc. Of course,
equal care must be exercised in the design of the "knuckle-bearing"
servo as well,

4, Knuckle-Bearing Servo

Single loop control of the air knuckle bearing servo is
net practical because of conflicting control bandwidth requirements,
To provide the required isolation from platform angular velocity,
the servo bandwidth must be low; however, to provide the required
isolation from disturbance torques due to mass-unbalance in the
presence of linear acceleration, the servo bandwidth must be high.
Practical considerations of the rate disturbances to be expected from
a conventional ball-bearing supported stable platform and of the mass-
unbalance torques to be expected with state-of-the-art balancing tech-
niques indicate these servo control bandwidth requirements to be more
than a4 decade apart. For these reasons, a multiple loop control of
the knuckle bearing servo is required.

A logical approach to a multiple loop design for this application
is to provide a high bandwidth inner loop for disturbance-torque isola-
tion and a low bandwidth outer loop for platform angular velocity isola-
tion. In addition, there is the obvious requirement that the
implementation of these control loops must not introduce added
unacceptable disturbances. To meet this latter requirement, the high
bandwidth inner contrcl loop must be implemented without direct
coupling to the stable pla.form motions. This objective may be accom-
plished by using an "inertial quality'' rate integrating gyro to implement
the inner control loop. The term '"inertial quality'' as used here means
that the rate disturbances introduced by the gyro above the bandwidth
of the outer control loop must be ""acceptably small,'" Because of the
presence of the outer control loop, there are no severe requirements
on long term gyro drift rate comparable to the requirements of an
inertial navigation system,

A simplified, single-axis block diagram of a multiplex loop
design is shown in Figure 4-5. This model has four disturbance
inputs:

1. Platform rate, w

2% Outer loop position sensing noise, Ne
3. Integrating rate gyro drift, Qd

4. Disturbance torque, Ty

Iv-28




e

Figure 4-5. Single-axis multiple loop design,
simplfied block diagram

The objective of the design is to maintain the stable element inertial
velocity, wg, below the '"'acceptable level' in the presence of the stated
disturbances. Obviously, achievement of this objective depends on the
amplitude and spectral properties of the disturbance inputs., Practical
considerations indicate that it is entirely feasible to meet the design
objective of platform rate, wp» and disturbance torque, T, isolation
with this multiple loop design; however, two new disturbances have
been introduced (ne¢, §24) by the implementation, It is anticipated that
these added disturbances can be held within acceptable limits using
state of the art hardware and design techniques.

D. Arm Balancing and Bending

The major problem in designing a portable gravity gradiometer
is in isolating the sensor from vibrationally generated noise, By its
nature the sensor is not sensitive to vibrational accelerations to first
order. However, due to unavoidable mass imbalances and arm flexing,
vibrational acceleration can cause differential torques which will
generate spurious signals. Towards minimizing this disturbance, two
approaches are necessary.

(1) Itis necessary to mass balance the arms to an extent
finer than conventional methods allow. This balancing
may be accomplished by the null-seeking servo-arm
balance system to be discussed.

(2) It is necessary to maintain the geometrical balance of
the sensor against the distorting forces of gravity on
an instantaneous basis as the sensor is rotated hori-
zontally. An "isoelastic' arm design will be used and
is discussed next. A few practical realizations of these
principles will be illustrated, and a practical design
concept embodying both servo arm balancing and
isoelastic construction will be illustrated.
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1. Anisoelastic Torques

Anisoelastic "gz" torques are a familiar gyro design
problem. These torques occur whenever an initially balanced structure
deflects under acceleration in a manner that causes the C. G. to move
in a line not coincident with the acceleration vector., This results in
an acceleration induced imbalance and spurious torque whose amplitude
is proportional to the square of the acceleration.

In gencral the anisoelastic torque about the spin-axis (z) can be
shown to be

T = rni(ﬁ;-é;)axay (4-83)
where
m_ = mass of arm
ki = spring constant along i axis
a, = acceleration along i axis

1

Only if the compliances in both directions are equal can this
torque be reduced to zero,

In the sensor arm design it was initially realized that the
generation of undesirable torques by bending of the sensor arms when
operated with a horizontal spin axis could be at ieast partially com-
pensated for by stretching of the sensor arms.

Since the two sensor arms are located at right angles to one
another, coincidence of C, G, 's can remain under acceleration only if
both arms deflect isoelastically, so that both C,G. 's move along the
line of the applied acceleration, Thus, for example, if we assume
that the C. G. of each arm was originally located at the spin axis, the
application of a one g acceleration field will depress the C, G. 's below
their original position. Under the conditions of isoelasticity, both
C.G. 's will be depressed an equal amount in the direction of the
acceleration, Thus, the steady state condition will be for the arms
to spin with their C,G.'s located at a steady, coincident position below
the spin axis,

The arm designs used up to the present time have approximately
10 times the compliance in bending as in stretching. The aim of an
isoelastic arm design then, is to increase an arm's compliance to
stretch, Schematically, three concepts are shown in Figure 4-6. Each
of these offers high stiffness to bending while allowing increased
lat eral compliance. An analysis of the elastic properties of the arm
and truss configurations indicate that both configurations can be made
isoelastic while maintaining practical dimensions.
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Of these, the truss arrangement has been selected to incorporate
a servo-arm balancing device whose function is to correctly position
the masses so that the c.m. of each arm lies upon the torsional axis
and, in addition, position the radius of the masses so that proper tor-
sional isolation is achieved. The correct adjustment of the ¢.m. and
the arm inertias will improve the insensitivity of the device to lateral
acceleration and torsional acceleration about the spin axis respectively.
Naturally, hand balancing will be initially used to bring the components
within the adjustment range of the servo balancer. In addition to initial
requirements for proper mass and inertia balance, elasticity balance
may also require adjustment. Isoelasticity, or its lack, can be detcr-
mined by methods such as comparing the bending mode vibrational
frequency of the arm with its lateral mode {requency.

2. Servo Arm Balance

The required position accuracy of the arm ¢c.m.s to give
sufficient noise isolation from various aircraft 1 and 3 w vibrations is
approximately 10-? inch. To overcome the dimensional instabilities
of materials in this range, and to facilitate achieving this balance, a
set of four piezoelectric linear positioning devices per arm would be
used, arranged as in Fig. 4-7, with each device forming an arm of the
diamond shaped structure. Each unit individually consists of a stack
of two-hundred 0.001 inch thick PZT discs. The discs are polarized
to give expansion along their axis for the correctly applicd voltage.
The voltage is applied in parallel across each of the discs, while the
discs are stacked with their polarities alternating so as to give addi-
tion of expansion movements for voltages applied as shown. A thin
aluminum tube of 0.04 thickness encases the discs and preloads them,
giving the transducer structural integrity. Since the clastic modulus
of PZT is about 7.8 x 106, it differs little from that of Al.; thus the
small total area of the Al tube does little to inhibit the expansion or
contraction of the stack as a whole. Movement of the c.m. of the arm
with this arrangement can be affected in two dimensions, by changing
the voltages on the proper transducer sets. Overall inertia can be
raised or lowered by changing the voltage on all four transducer sets
simultaneously. Thus, in theory, only one of the two arms need be
active, and the other arm can be a non-servoed isoelastic arm.
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Figure 4-7. Iscelastic servo-balanced arm.

The method whereby the position of the arm c.m.s are located
is to apply a specific frequency of translational vibration (say, 1 KHz)
to the entire sensor, or possibly to the entire platiorm. This accel-
cration is sensed by the gradient sensor if the arms are unbalanced.
The output signal of the sensor is passed through a 1 KHz filter which
scparates out this unbalance signal from the gravitationally induced
gradient signal, The 1| KHz signal is phase-detected and the output
usced to servo position the transducers for a null. An angular input
can be added to achieve a balance signal for arm inertia balance.
Finally, for horizontally oriented sensors, the ''d-c'' gravitational
ficld can also be used to generate a signal proportional to arm
tmbalance at the frequency of rotation.

3. Transducer Design

Piezoelectric materials characteristically show a small
change of dimensions for an applied voltage. It can be easily shown
that

AX = an33 (4-84)
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where

AX = total movement of a stack of piezoelectrics
V = applied voltage

d = piczoelectric charge cocfficient

n = no. of piezoelectric clements

It is seen that the displacement is proportional to the number
of elements whereas the thickness of the elements is related to the
total length available to house a given number. For a 2-inch trans-
ducer, a standard thickness l-inch diameter disc of 0.010 will allow
200 elements, For a lead zirconate titanate material such as Gulton
Glennite G1512, the value of the charge coefficient is 500 x 10‘12meters/
volt. An apflied voltage of £15 volts results in an excursion of

£0.59 x 10-% inches. If more excursion is required a higher voltage
up to 150V can be accommodated or a grecater number of thinner discs
can be used. The thin aluminum tube encasing the transducer stack
preloads the transducer stack giving it mechanical integrity despite
the presence of tension due to centrifugal forces. The Young's
Modulus of aluminum is similar to that of the piczoelectric material
and it can be shown that the relatively small cross-sectional arca of
the aluminum tube does little to inhibit the expansion of the piezo-
electric discs.

4, Isoelastic Arm Design

To design a truss structure having suitable propertics,
the approach will be to compute the deflection of the end masses in the
bending mode e¢j and in the lateral stretch-compression mode c;.
Naturally these deflections can be expressed as a function of the
applied forces W and Q in the respective directions of deflection e}
and e2. In other words, the spring constants of the structure in the
e) and ep directions can be calculated. Thesc are then equated and the
remaining variables available may be chosen.

The structure will be approximated as a pin-cnded truss
(Fig. 4-8) here for simplicity of these initial feasibility calculations.

At point C:

(F1 +F2) sin® = W (4-85)

(F1 = FZ) cos® = Q (4-86)
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Figure 4-8. Pin-ended truss

solving for ["l and F

2
1w Q)
Fy =3 (sinO i o (4-87)
S O Q)
P& ) (sinB " cos® (4-88)

By the principle of Virtual Work (Castigliano's Theorem), the total
cnergy is

=By
V = z ZAiEi;n =3P (4-89)
i=l

The displacement in the W direction is

- 9V
el e W (4'90)
and the displacement in the Q direction is
o | 0N
e < 30" (4-91)
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in other words

2

ez_a[(w.ke)z h( Q)
1 7 8W \2sin® 2cos8/ 2AE;  \2sin® ~2cos6/ 2AE,
wy
t oA EZ ]( )
373
e _L[I(WZ + QZ + 2 WQ ) 4
5 2 : T
1 oW | 4 sinze Cosze sin® cos © ZAI 1
E
.1 Q? 2 WQ 0 u ]
" si E
4 1n6 cosz'e sin 6 cos 6 ZAIE1 ZA3 3
_ l( w> n o WG
z sm (4] sinze ZAIEI A3E3
WQl WIZ3
e, = + (4-92)
1 2AE sinte 33

The forces in only one of the two vertical arms is included because
the actual load on the center section is 2ZW applied to both arms.
After differentiation it will be seen that this is equivalent to force W
applied to the arm.
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similarly, in Q direction

K ;i‘iﬁ_i[l<wz +Qz> £
2 g O sinze cosze ZAIEI

2
< w? . Q% ) £ N wol,
> 2A\E, " ZA.E,

=2
&AlFJl cos 6

r~ ”

In the Q direction, the additional displacement of the masses
duc to bending of beam 3 must be included

: I
1 Qe3 l

e, =T ST
2 3E313
for the slender beam approximation
where
1 3
13 = l—z-bh (4-93)
b = thickness of beam along z-axis
h = width of beam
A3 = bh
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t
Thus, the total deflection in the Q direction is e, + e, or

3
2! 4
e, = Q t 3E 1 (4-94)
ZAIEI cos @ 373
By equating the reciprocals of the spring constant
e e
2 _ 1
o c W (4-95)
the condition of isoelasticity may be satisfied.
Thus, from Equations (4-92) and (4-94), using (4-95)
3
4 e ]l ) -
24 E sinfg  “Asls 2A E| cos®s  >F3'3
3
2 £y o4 £y
2A E| sin’g  2AE) cos’p s PR e
3
£y 1 1> :Q_3£_3_1 (4-96)
28151 \sin%e  cos’e SERRTE A
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['o satisfy this equation, the variables available are 6, E|, E3,
Ay, Ay, Ay, 13, ¢, 8, #3. Since an infinite number of solutions are
available, practical values will be arbitrarily assigned to most of the
variables.  Aluminum will be chosen for the center strut so

E3 = 10.\'106 psi

[he equivalent Young's Modulus of the piezoclectric is
B30 = 78 g
= 7.8 x 107 psi

[he radius of the masses from the center is related to the
theoretical signal to noise ratio desired apart from considerations of
mechanical noise.  Calculations indicate that sufficient output is
obtainable with

r = 3 inches

or

Zho 12
(21 -13) = 3 inches (£, = 12)

The angle 8 will be arbitrarily chosen for the purposes of this
demonstration to be

o= 30°

Also, the area Aj will be arbitrarily chosen to be based on the
previously described transducer stack which consists of 1 inch diameter
discs. This diameter could casily be made smaller if some additional
considerations were to arisce,

. = T (1 inch)?
A1 = A2 = 4(lmch)
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Finally, the central truss thickness bz will be chosen arbitrarily =
l inch.

Substituting these values into Equation (4-96)), and expressing

13 and A3 in terms of the thickness and width (Equation (4-93)), the
equation reduces to

3 2
h3+ 0.355113 - 4.1 0

A few trials suggest a solution of the width

= 1.5 inches

h3

This solution can be rapidly checked by substitution into Equations (4-92)
and (4-94).

The deflections expressed on a per lb, of load basis are

- il. ) 21 + E3
| W 24 E sin®e  “3F3
) = (1.13+0.115)x10‘6
e, s
W = 1.24 x 10 inches/lb
and
3
22 . ! b
Q zAlE1 cosze 31:;313

(0.377 + 0.830) x 10-6

1

1.21 x 10—6 inches
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['hus, it is seen that an arm of these dimensions will deflect
approximately 1 millionth of an inch per pound load in any direction.
I'he more exact matching of these spring constants can be done by
grinding the width of the central truss beam.

It should be noted that these calculations refer to the static
case only. Under rapid rotation, consideration might have to be given
to matching the damping of the two arms and perhaps to equalizing the
damping in a manner similar to the matching of spring constants in
two directions.

The degree to which these compliances must be matched can
be computed from the equation previously stated

NRL. I W W
P P ax y
X y
substituting
ax = g cos@
a = sin @
y g
ngz
_ a 1 1
T -3 (T ] k_) cos 218 (4-97)
X Yy

The torque generated by a gravitational gradient is

(1 - 1,) (GI\;)COS 20 (4-98)
R

—
1]
ool w

If the gradient is defined as
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the equivalent gradient signal in E. U. generated by an anisoelasticity
can be solved by equating (4-97) and (4-98).

2 2
m

a

2

_g_<_1_ _1)_
kK k -
X y

At this point, further simplifications can be made as this
calculation is meant to be merely illustrative. [y will be assumed
zero and Iy = mr& where m is the proof mass on the end of the arm.
Further, t¥1e arm weight will be neglected and m, set equal to 2m.
Then

T

or

M e

1 1
y

1 Substitution of typical values indicates that an uncompensated

J anisoelastic arm will generate a 125, 000 E. U. signal. To ease the
requirement for isolelastic arm matching, the platform acceleration
will be monitored by an accelerometer and this quantity used to cali-
brate out any remaining arm bending signals. If we assume an accel-
erometer with a resolution of 10-2 in/sec? and assume an allowable
error of 0.1 E. U, we can calculate the required tolerance on stiffness
matching of the arm by a simple error analysis from Equation (4-99).

2
8m(g + A 1 1
(C+ar) = 3 Fae
X y
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thus

A = 0.1 = l_;’ﬂﬂw'?_g).(_s_-L\xloq
r X ky)
-2
16(0.55) 1077 (1 1\ 49
-3 9 k. k. ) °*
x y
or
1 1\ _ -7
<k_ -k—)— 0.307 x 10
% y
let k = 6k_and k_ = O.82x106
y X X
1 1 -7
- (1 'g) = 0.307 x 10
X
and
&= 1,025 or a matching accuracy of 2.5 percent

If resonant frequencies in bending and lateral modes are measured
to determinc isoelasticity, 2.5 percent accuracy is roughly equivalent
to a 50 Hz difference in frequency (f0 = 3820 Hz).
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V. EXPERIMENTAL PROGRAM

A, Hard Mounted Sensor Project

The initial etfort in development of the "hardmounted' gravity
gradiometer during this contract was concentrated in design, fabrica-
tion and testing a breadboard gradiometer mod-l. The sensor was the
subject of several design chianges that were directed toward obtaining
improved sensor sensitivity. This approachhas been effective inobtaining
information which increases our understanding of sensor noise problems
and led to improvements at a minimumdesign and development expense.

1. Original Design

In the initial "hardmounted' gradiometer design, the
sensor and its mechanical support systems were mounted on an alumi-
num alloy base which, in turn, was mounted on a two-axis rotating
table permitting orientation at any desired angle with respect to the
vertical. The entire assembly was mounted on an aluminum supporting
structure which was initially secured directly to the laboratory floor.
As a means of reducing excessive floor vibrations from coupling into
the sensor, four coil springs were later installed between the floor and
support structure and two viscous fluid dampers were mounted Lo damp
the resulting low frequency oscillations. Balance weights were also
required to maintain axis orientation of the entire spring supported
assembly. (See Figure 5-1.) {

The original mechanical support system included: (1) an air
bearing supported rotating chamber assembly in which the sensor arms
were installed, (2) a servocontrolled magnetic clutch, and (3) an a-c
asynchronous motor drive. The rotating chamber contains the sensor
arms that are supported by two 0.066 inch diameter torsion wires .
(see Figureh 5-2 and 5-3) and interconnected with a flexural pivot 1
torsion spring to which the piezoelectric strain transducer is affixed.
A collect clamp length adjustment of one torsion wire was provided 4
to obtain equal resonance frequency of each arm. A high vacuum was
maintained within the chamber to isolate the arms from both acoustic
and windage noise. The particular air bearing was selected based on
its availability and stiffness; it is not the optimum bearing for {uture
applications, as will be discussed later in this Report.

The sensor rotation drive motor consisted of a six-pole a-c
asynchronous shielded motor mounted to the main sensor support frame.
The motor was coupled to the sensor by use of a magnetic clutch. The
motor was operated at a speed 20 percent above the desired sensor
operating speed. The torque transmitted to the sensor was controlled
by the magnetic clutch current. The clutch current was servocontrolted
by use of a photoelectric position pickoff and appropriate servo
electronics.
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Figure 5-1. Air bearing supported gravity
gradient mass sensor with eddy current
motor drive under development
for AFCRL
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Figure 5-2. Sensor assembly and support structure

Figure 5-3. Components of sensor arm assembly




The electronic package included assemblies for frequency
reference, sensor drive, telemetry, and signal processing, as well as
commercial display clectronics. The frequency reference and sensor
drive system included: (1) a frequency synthesizer, (2) a digital fre-
quency divider, (3) two drive power circuits, and (4) a servocontrol
circuit for the hysteresis clutch. The telemetry and signal processing
system (see Figure 5-4) amplifies and transmits the signals from the
strain transducer, mounted on the flexure pivot, to receiving equip-
ment outside the rotating system. The receiver signal was demodu-
lated and fed into a nulling circuit where the portion of the phase
coherent signal was biased out with a portion of the reference signal
which was adjusted to phase and amplitude. This nulled signal was
fed into a two-phase P.A.R. lock-in amplifier that detects the remain-
ing coherent portion of the signal at twice the sensor rotation speed.

The major problems encountered with the initial design can be
grouped into four major categories: (1) sensor arm balance, (2) reso-
nant vibrations and incoherent noise external to the sensor, (3) elec-
tronic scnsitivity to light, heat and static electricity, and (4) rotational
speed control.

The initial attempts to adjust the sensor resonant mode frequency
by collet adjustment of the torsion wire length resulted in collet failures.
This was first noted from data that showed no significant frequency
change with wire length adjustment. From this experience, other design
approaches were decided upon for sensor resonant mode frequency
adjustment.

Another source of mass unbalance was due to the design and
geometry of the flexure pivot. The flexure's non-symmetrical mass
distribution, which resulted in arm mass unbalance, was discovered
and had to be accounted for, to obtain a satisfactory arm mass balance
condition. Also, upon closer examination of the flexure point design,
it was found to have the characteristic of non-uniform end moment
stiffness versus rotation angle. Although this characteristic should
not affect sensor operation when operated in a vertical spin-axis orien-
tation, it could produce a 2w frequency component when operated in
a horizontal spin-axis orientation.

Noise and vibrations external to the sensor chamber assembly
were recognized as a problem shortly after starting to obtain test data
on the original design. A major source of environmental noise was
found to emanate from the laboratory floor. The installation of four
coil springs between the floor and the support structure, as previously
mentioned, reduced the non-rotating sensor noise from 19,000 E. U. to
2300 E.U. With the bearing air film support, this was further reduced
to an equivalent 90 E. U. at 10-second integration time.
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Figure 5-4. Sensor chamber with transmitter electronics

The magnetic clutch support bearings were also a source of
excessive noise., Replacement of the original clutch support ball bear-
ings with a high precision set of bearings did not reduce the noise
sufficiently. The original six-pole, a-c asynchronous drive motor
accounted for a small amount of the total coherent noise. Use of a
special flexible elastomeric torsional coupling connecting the motor
shaft directly to the air bearing significantly reduced noise transmis-
sion into the sensor but presented a speed control problem. It was
thereby necessary to develop a drive system that would eliminate roll-
ing element bearings. Replacement of the original asynchronous motor
drive and magnetic clutch with a specially designed eddy-current drive
motor eliminated these two sources of rolling element bearing noise.
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Another speed control problem has only just recently been ap-
preciated. Small second harmonic variations on the speed pickoff
disk for example can generate significant coherent noise output. This
effect has recently been demonstrated in the laboratory where gain
adjustments made in the servo-control system reduced the coherent
noise level by a large factor, approximately 40, Operation with a
single pickoff pulse per revolution, rather than 10, provided an addi-
tional coherent noise reduction effect,

Additional speed variations can occur due to winding assymetry
in the motor or random noise on the drive motor power amplifier out-
puts. These effects have not been studied quantitatively as yet.

Tests revealed erroneous gradient signals that were traced to
be electronic component sensitivity to light, heat and static electricity.
Small revisions to the electronic package corrected this problem.

Initial tests of the original designed sensor assembly were cate-
gorized as: (1) arm balancing tests, (2) static resonance tests,
(3) static noise tests, and (4) dynamic tests. The original arm balance
procedure resulted in a 20-gram inch static unbalance. This was later
improved to within 0.1 graminch static balance after precision balance
on a knife edge. Due to the nonsymmetrical geometry of the flexure
pivot, a 4 gram inch correction was required to provide proper arm
mass balance. This was incorporated on the most recent modified
design.

A static response test of the original sensor indicated a "Q"
of 302.2 at 40.8 Hz resonant frequency. The resonant frequency was
noted to change approximately 10 Hz with the sensor rotational position.
This was later attributed to a fractured collet. Tests of a modificd
design without a collet showed no resonant shift due to rotational posi-
tion change. Sensor '""Q'' has remained near 300 throughout the testing
program.

Based on a factor of approximately 30 mV/E. U., the clectronic
noise level of the transmitted signal was found to be slightly over 1 E. U.
peak to peak, while the minimum total static non-running noise has
been reduced to 50 E. U.

An improved static balance of the sensor arms reduced the
coherent noise during dynamic testing from 400,000 E. U. to 67,000
E.U. Although this coherent signal was biased out, the sensor still
maintained a 900 to 1000 E. U. incoherent noise level.
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2. Modified Design

The major effort during the past few months was con-
centrated in a design that would eliminate the foregoing problem areas.
The modified system design includes a new sensor support, a broad-
band vibration isolation system, and an improved sensor design. The
aluminum support structure was replaced by a symmetrical frame within
which the motor drive, air bearing and sensor chamber are suspended
by four elastomeric springs (see Figure 5-5)., This new support pro-
vides a 1 Hz resonance vibration isolation system with provision for
installation of oscillation dampers if required. The total weight of
entire assembly with the sensor installed is less than 100 pounds
compared with the approximate 400 pound weight of the original sys-
tem assembly. Being portable, the entire new assembly wzs placed
on an air supported vibration isolation table.

Sensor mechanical design improvements developed and tested
during the past few months include: (1) specially designed eddy-current
drive motor that eliminates the original six-pole asynchronous drive
motor and magnetic clutch, (2) a new sensor arm support that eliminates
the collet and provides for more accurate mass balance and inertia bal-
ance of the sensor arms while installed on the rotating assembly and
(3) an improved static and dynamic balancing procedure that reduces
the coherent output due to non-gravitational sources.

Since the original concept, only minor electronic design
improvements were necessary. Among these, as previously mentioned,
was a reduction in electronic noise level to 1 E.U. and revisions to
eliminate the sensitivity to heat, light and static electricity.

3. Major Achievements

The progress gained under this contract was continual
and significant. The importance and drama of measuring gravity
gradients was lacking, however, this should not deter the reader from
recognizing the importance of the following major achievements:

a. Significant gain in knowledge of the way in which
bias signals and noise are generated;

b. A corresponding understanding of solutions to
bias and noise problems;

c. Identification of the sensor and system components
and tolerances required to achieve the design goals;




Figure 5-5. Gradi®tnt mass sensor vibration isolation system
utilizing latex rubber tubing
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d. A reduction in bias level from 100,000 E. U. to
5,000 E.U.;

e. A reduction in random noise from 10,000 E, U, to
approximately 900 to 1,000 E. U.;

f. Continued confidence in the feasibility and practicality
of the torsionally resonant rotating gradiometer for
moving-base applications.

B. Noise Sources

The noise sources that affect the sensor output can be
classified in two major types:

a. Phase and amplitude '‘coherent' signal sources, i.e.,
constant signal sources. These occur due to effects
of air journal bearing elipticity; dynamic and static
unbalance effects; systematic errors in the sensor
speed control system; and effects due to precession,
electrical pickup, gravitational-magnetic-and-
electrostatic fields. The '""coherent'' noise level
equivalent output of the present laboratory model is
currently 5,000 E. U. It must be noted that this type
of error can be biased out electronically. Variations
in these errors may be caused by environmental
changes on the sensor parameters and inputs. Such
variations would appear as noise on this coherent
signal. Thus, it is desirable to reduce the magnitude
of the coherent signal to effect a corresponding decrease
in the level of noise.

b. Phase and amplitude "incoherent' signal sources, i.e.,
random noise sources. These occur due to effects of
drive system mechanical and electrical noise; elec-
tronic readout noise; angular rate inputs due to ground
vibration and air currents, windage, and journal bear-
ing high frequency air flow noise. These sources act
through the basic mechanisms of differential arm mass
unbalance, differential inertia-spring unbalance (sum-
mode mismatch), and/or angular rate sensitivity.

The present incoherent noise level of the laboratory *
gradiometer is approximately 900 to 1,000 E. U. when :
measured over an integration time of ten seconds.
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1. Sum Mode Mismatch

The gradient error due to differential inertia-spring
unbalance (sum mode mismatch) and sensor acceleration about its
spin axis is defined by the last major term in Equation (4-23) of Sec-
tion IV-A. This relation is defined by (5-1).

2 20 .
“’oz/Q {("1 -2,) S5+ (B - B, )} e
Fé = w 2 2 (5-1)
¢4+ L2 g4 w? ST+ a), 548,
Q o

The magnitude of the coherent gradient error due to sum mode
mismatch may be determined by evaluating (5-1) at S = jw,. For light
damping of the sum mode, this error magnitude may be approximated
by (5-2).

———| @ liwo) (5-2)

where ‘:"k(jwo) is that part of w_ at frequency Wy

k

The degree of balance attainable between the two arms may be
ascertained by estimating the error that might exist in the arm iner-
tias after balancing. Assuming balancing accuracy on each mass of
0. 0001 inch (probably optimistic), the inertia error produced by this
error is

Al 2mi(r + Ar)2 - Zmrz

4mrAr = 4 (250) (6.35) (0.000394) = 2.5 gm cm®

e

outiof @ total inextia of 10 gm cm? or a Al/I of 0. 025 percent. This
percentage error is proportional to (ﬁlz - [322) in Equation (5-2) when
the support springs are matched, i.e.

(B,2- 5,5 =(&h p,,° (5-3)




. Therefore, from (5-2) and (5-3) the sensor torsional accelera-
tion [(wk)(jwo)] required to produce a | E, U, signal error is

2
®o 1077 -5 -2
= - 4) Z1.6x10 sec
P12 2.5 x 10

I“’ozzﬁlz

The allowable torque input equivalent to this angular accelera-
tion error (assuming a rotor inertia J = 4 x 105 gm - cm?)

|(Lk [J mo:I

Tinput = Jo, = 6.4 dyne - cm

This torque level is extremely low compared, for example, to
the measured torque required to maintain constant operating speed
(= 5 x 107 dyne - cm in the existing air bearing).

The implications of the above discussion are significant:

a. Ellipticity in the air bearing and journal may
give rise to second harmonic torques on the
rotation speed that can create 2w coherent
signals.

b. Small variations in torque either from variations
in the ellipticity of the bearing, air windage, or
noise on the servo speed control current, will

give rise to incoherent noise outputs of the sensor.




2" Journal Air Bearing Torque Variations

The viscous torque of an ideal journal bearing consisting
of two concentric cylinders is approximately inversely proportional to the
gap between the cylinders. The error in this approximation is of the order
of the ratio of the gap to the cylinder radius. If the surface boundary
projections of the bearing rotor and stator are not perfect circles, the
resulting viscous torque will have a time varying component. The intent
of this discussion is to make an estimate of the time varying viscous
torque based on the assumption that the incremental viscous torque is
inversely proportional to the spatially instantaneous gap. Obviously this
approach lacks rigor in that inertial forces and turbulence in the lubricant
are neglected. Nevertheless, it does provide an indication of the relation
between rotor/stator geometry and the time varying torque and serves as
the basis for estimation of the magnitudes of various spectral components
of this torque,

Rotor/Stator Geometry

Ideally the surface boundary projections of the rotor and stator
are perfect circles. The departure from this ideal condition may be
described in terms of a spatial Fourier expansion of the radius of the
surface boundary projection as shown in (5-4).

A 00
R = Ro + zl: r cos (no - dn) (5-4)

The angular parameter (8) 1s defined as the position of the radius vector
(R) with respect to a coordinate frame fixed in the surface boundary
projection as shown in Fig., 5-6.
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Fig. 5-6

The surface boundary projection represents an '"equivalent' surface
based on a weighted sum of the actual cross-sections taken along the
length of the body.

The '"equivalent'' surface boundaries of both the rotor and the
stator may be described in this manner as shown in (5-5).

RQR +§r cos (nf_-¢ )
S SO 1 sn S sn
(5-5)
A o0
R SR+ Zl; r__cos (mf_ -d_)

An "equivalent gap function' may now be defined us the difference
between the stator and rotor radii based on the condition that both the
rotor and stator coordinate origins coincide with the bearing spin axis
and that the angular orientation of the rotor-fixed frame with respect

to the stator-fixed frame is defined by the angle (§ = wt). This differ-
ence is shown aA: (5-6) where the parameters of (5-5) have been defined as
m=n and ()r=9s-¢.

o
R _-R +l[rsncos(nes-¢

sn) ~ Tpq €08 (nO_ - Ny - ¢rn)] (5-6)




A simplified and normalized form of (5-6) is shown as (5-7) wherein the
spatial phuse angles (b, dppn) arc assumed to be zero and the

sn’ ]
normalized Fourier coctficients are definedas y__Sr_ /g,
e AR -R sn sn’ ®o
rn - “rn'80’ Bo 7 Tso ro’

oC
A
8 = 8, [l + Zl:[ysn cos n()s - an cos (nes - mp)]] (5-7)

Viscous Torque Estimation

The instantancous incremental viscous torque is assumed to be

; inversely proportional to the spatially instantaneous gap such that the
total torque may be evaluated by integration of the inverse of (5-7) com-
pletely around the stator for a given relative rotor angle (y) as shown

in (5-8).
VA4
To des Ex
b :

o 14 3st cos nes E an cos (nes - ny)

D

—[8

Due to the precision of manufacture of the bearing, the maximum value
of the series in (5-8) is assumed to be much less than unity.

Thus, the integral of (5-8) may be evaluated by binomial expansion

as in (5-9).
T 2T
A [0} 2 3
T £ '?"F/ do, [l -f(0)+f(6)-f(6)'°'] (5-9)
(o}
where
)

£(9) e Z [st cos nos " Yy, €O (nes - n\p)]
1




2
max < 1

|£(0) |

By symmetry, the definite integral over 27 of the odd powers of the
function [f(B)] are zero such that (5-9) may be replaced by (5-10).

T 27
o 2 4
T = E-[ [1+f(9)+f(o)-~] des (5-10)
(]

Since the magnitude of the function [f(a)] is assumed to be much less
than unity, the most significant variable function of (5-10) is contained in
the second order term [fZ(Q)]. Thus, equation (5-10) may be approxi-
mated as (5-11).

T 27
E T = °/ [1 # it (9)]:10 5-11
F . (5-11)

o

The square of the series function [I(O)] may be obtained from the
double sum of (5-12).

oc oe
fz(e) = E Z [Yns cos nes - an cos (nes -mp)] [Ysm cos mos

(5-12)
- Yrm cos (mOs - m\p)]

The definite integral of the double sum over 2% is zero when the suin-
mation indices (rn, n) are not equal; therefore, the integral of (5-11) may
be rcplaced by (5-13),
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27 2
O
T = To v / [st cos nF)s - Y, COS (nes - n@)] dOs (5-13)
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The result of the integral process of (5-13) is shown as (5-14).

! T = T 1+‘$(2+2)-§ os (5-14)
= Yo 7—14 Yen T Yon lenanc ny 3

The first summation of (5-14) represents a constant number much less
than unity. The second summation of (5-14) is a periodic function of
relative rotor position (§) and is an approximation to the time varying
viscous torque components which we are attempting to estimate.

This estimate of the time varying viscous torque may be stated
as a function of rotor velocity (w) by substitution of (¢ = wt) into the
variable part of (5-14) as shown in (5-15).
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Equation (5-15) is interesting in two respects, The time varying torque
of (5-15) is proportional to the average viscous torque (Tg); and to the
first order, generation of the ''nth' harmonic torque of rotor velocity
requires spatial cornponents of the '"nth'" harmonic in both the rotor

and the stator, i.e., Yg, and Y,,. This property is unique to the
second order term of (5-10); the higher ordered terms of (5-10) will pro-
duce much smaller torques containing products of the coefficients of
unequal spatial harmonics of the rotor and stator.

Gradiometer Application

The time varying torque components about the gradiometer spin
axis acting on the inertia of the rotating assembly (J) will produce
angular accelerations of the gradiometer about its spin axis. Such
accelcrations will be coupled into the sensor through the ''sum mode
mismatch' of the gradiometer structure. The most significant gradient
signal from this source will occur at the second harmonic of angular




velocity (i.e., the tuned resonant frequency of the gradiometer difference
mode, @ e 2w). The magnitude of this signa! is stated from (5-15) as (5-16).

2 Y>Y T
B s2 'r2 "o
It | = k : (5-16)
e B wZ i ‘32 J
where

k‘3 = sum mode mismatch factor

B = sum mode frequency

Wy = difference mode frequency

Equation (5-16) represents the gradient signal that would be produced at
the sensor output due to air bearing ellipticity.

It should be noted that only the variation of this signal from its
mean value is of concern in terms of a sensor error, The mean value
can be biased-out of the sensor output and is therefore in the 'coherent"
error category. The variation about the mean, then, is the incoherent
error of concern. The probable magnitude of this variation might be as
much as 10% but it has yet to be measured in the laboratory. Such varia-
tions primarily would be due to changes in the mean torque level, T, in
turn resulting from temperature variation causing air film viscosity
changes, and mean gap variations.

A best estimate of the total signal resulting from bearing ellipticity
of the present laboratory sensor is made based on the following measure-
ments and assumptions:

1, Sum mode mismatch factor of 1%. Although not directly
measured, this appears to be a reasonable estimate of
the present sensor's mismatch,

2. To = 4x 105 dyne-cm. This is a measured value.

3: Yg2 = Yr2 = 1%. This parameter has not been measured,
however this is a reasonable estimate based on the present
bearing tolerance and techniques used by the vendor in its
manufacture.




4, J=4x 10‘5 gm-cmz, a calculated value based on the
present sensor configuration,

5. Sum modc to difference mode frequency ratio
([3 /Wo-B ) 1/3, a measured value. Using these
leues in equation (5-16),

. 251 [107]) sec™! = 300 E.U,

This, of course, is a coherent signal; the 10% variation on this signal
would therefore be equivalent to 30 E. U. of incoherent noise. The above
assumptions result in a reasonable estimate, that is, when compared to
L the laboratory test results,

The reader will recall that the measured coherent signal was
5,000 E.U. and total incoherent signal was approximately 900 E,U. As
stated clsewhere in this report, it is felt that other sources of both -
coherent and incoherent error exist in the present laboratory model and
have a significant contribution to the total.

Several means of reducing the estimated 300 E,U. error are

possible:
1. Reduction of the average running torque of the bearing
. (To). This can probably be reduced somewhat, possibly
by a factor of four.
2. Improvement of the sum-mode mismatch. The magnitude
of this improvement, to be accomplished by incorporation
! of the precision arm balance system, will be at least a
factor of 100, and probably more.
3. Reductxon of ghe sum -mode-to-difference-mode frequency

ratio (B /W
factor of 2 to 4,

This could easily be reduced by a

Using the foregoing three error reduction possibilities, the present
estimates? 300 E, U, error value would be reduced to, at most, 0.4 £.U.
Most impartant, since only the variation of this value is of concern, air
bearing ellipticity problems are not considered to be a feasibility
limitation.




3. Arm Unbalance - Vibration Sensitivity

Another potential source of error is in the arm mass
unbalance-vibration sensitivity.

Consider that the mass centers of the sensor arms are displaced
from the sensor center of support, as depicted in Figure 5-7, the
amount ») and bz as indicated. Further consider that the coordinate
reference frame of the sensor, x-y, is undergoing an inertial acceleration
A in the direction @ as depicted. If it is assumed, for the moment, A to
be constant in both direction and magnitude, then the inertial reaction
torque due to the mass unbalance on each arm is

'I’1 = mble

T2 = mbzxA

4

mass of arm = m

arm radius = r

Figure 5-7. Force analysis schematic.




Hence, the differential angular acceleration between the arms is

me(E --l:;)
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is defined, the vector differential mass unbalance distance expressed
as a ratio of sensor arm radius,

The sccond order gradient sensor effectively measures, or is sensitive
to, this differential angular acceleration and as such, the equivalent
gradient error duc to this mass unbalance-acceleration effect is

Without developing the details, it can be shown that if the
acceleration A is oscillatory and occurs at one or three times the
sensor rotation frequency, w, the differential angular acceleration
will contain a frequency component at 2w (the second order gradient
sensing frequency). To illustrate the significance of this effect,
consider:

Assuming sophisticated balancing techniques are used prior to
final assembly of the sensor, a practically achievable value of h is
approximately 10-5 (0. 001 percent) for the sensor radius arm of
2.5 inches. Therefore, allowing a 0.3 E.U. error contribution from
this source, the maximum allowable acceleration within the bandwidth
of the sensor is

-9 .
_ 0.3x 10 "% 2.5 - -4 in. -7
ey =z = 0.75x 10 — = 2x10 g
10 sec
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Typical vibration levels on a moving base might be 0.05 g rms.
A passive vibration isolation mount could be expected to attenuate this
by 100. Thus, it is seen that an improvement in arm balance accuracy,
over that attainable in the laboratory, would be

0.0SxO_._;)l - 2.5 103'
2 x10

Balancing in the laboratory model was approximately one order
of magnitude worse than that estimated above as being practically
achievable, i.e., balance was held to h = 10-4. This gives a sensitivity
to 1 and 3w accelerations of 107 E, U. /g. Measured motion of the
elastomer mounted sensor platform (measuredbyusing the balancing
machine as a displacement pickoff) was 10-5 inches. If the elastomer
support stand was isoelastic to 0.1 percent (a conservative estimate)
then 0.1 percent of the sensor platform motion (x = 10-7 in.) would
generate a 2w frequency component in the sensor.

The acceleration amplitude of this motion at lwis given by

2 7

a = wix = (2m20)% (107 7) ANin:

15,900 x 10~ >

s¢C

4 x 10"6g

This acceleration would, therefore, produce a coherent output
of 40 E.U. which, although it is significant, is a small percentage
of the current background clutter.

Mass unbalance is probably the only significant error source
which generates errors through the arm unbalance mechanism in the
laboratory test setup. However, it must be again emphasized that,
in an operational system, external vibrations will contain 1 and 3w
components and will more severely constrain the arm balancing
requirements.

4, Angular Rate Inputs

The fourth source of error is angular rate susceptibility.
One source of evrors in this category is caused by the resulting ellip-
tical portion coning motion due to dynamic unbalance. (The ellipticity
is brought about through an asymmetry in the sensor stand support.)
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This error can be estimated as in the previous section by using
the measured dynamic unbalance angular motion of =10-6 rad assuming
a similar support spring asymmetry (0.1 percent) and calculating the
angular rate produced by the lw coning angle error. This angular rate
(z) is given by

where

3
1

2m(20) = 125.6 rad/sec

0 10-6 x 10-3 = 10-9 rad

el
Therefore, 2 = 1.26 x 10-7 rad/sec.

The cquivalent gradient is given by

1.57 x 10 14 sec'Z

!
f
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1.57x 10°" E, U.

which is not significant.

The above calculation assumes that the test stand itself is
isoinertial about any axis in the x-y plane.

In actual tests, significant differences in coherent output werc
obtained by adjusting the lateral inertias of the sensor support platform,
however, only when there was significantly more dynamic unbalance
in the rotor than the final tolerance. After dynamic balancing, stand
inertia changes made no appreciable difference in sensor output.

Another source of angular rates is the stand motion induced
by air currents and ground vibrations. These vibrations, because of
their random nature, are a source of incoherent noise outputs from the
sensor.

A reasonable estimate for the stand random angular motion
due to air currents is somewhat less than 0.02 degrees = 3.5 x 10-4
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